Abstract. We give new examples of 2-component links with linking number one and unknotted components that are topologically concordant to the positive Hopf link, but not smoothly so -in addition they are not smoothly concordant to the positive Hopf link with a knot tied in the first component. Such examples were previously constructed by Cha-Kim-Ruberman-Strle; we show that our examples are distinct in smooth concordance from theirs.
Introduction
The study of smooth and topological knot concordance can be considered to be a model for the significant differences between the smooth and topological categories in four dimensions. For instance, mirroring the fact that there exist 4-manifolds that are homeomorphic but not diffeomorphic, there exist knots that are topologically slice but not smoothly slice, i.e. knots that are topologically concordant to the unknot, but not smoothly so (see, for example, [3, 7, 8, 12, 15, 16, 17, 18] ). Similarly, one might ask whether there are links that are topologically concordant to the Hopf link, but not smoothly so. Infinitely many examples of such links were constructed by Cha-Kim-Ruberman-Strle in [1] . We construct another infinite family that we show to be distinct from the known examples in smooth concordance.
In the following, all links will be considered to be ordered and oriented. Two links will be said to be concordant (resp. topologically concordant) if their (ordered, oriented) components cobound smooth (resp. topologically locally flat) properly embedded annuli in S 3 × [0, 1]. From now on, when we say the Hopf link, we refer to the positive Hopf link, i.e. the components are oriented so that the linking number is one.
Any 2-component link with second component unknotted corresponds to a knot inside a solid torus, i.e. a pattern, by carving out a regular neighborhood of the second component in S 3 . Any pattern P induces a function on the knot concordance group C via the usual satellite construction, called a satellite operator, given by
where P (K) is the satellite knot with companion K and pattern P ; see Fig. 1 and [25, p. 111] for more details.
We will occasionally work in a slight generalization of usual concordance, which we now describe. We say that two knots are exotically concordant if they cobound a smooth, properly embedded annulus in a smooth 4-manifold homeomorphic to S 3 × [0, 1] (but not necessarily diffeomorphic). K modulo exotic concordance forms an abelian group called the exotic knot concordance group, denoted by C ex . If the 4-dimensional smooth Poincaré Conjecture is true, we can see that C = C ex [5] . Any pattern P induces a well-defined satellite operator P : C ex → C ex mapping K → P (K). Figure 1 . The (untwisted) satellite operation on knots. The boxes containing '3' indicate that all the strands passing vertically through the box should be given three full positive twists, to account for the writhe in the given diagram of K.
Studying satellite operators can yield information about link concordance using the following proposition. Proposition 1.1 (Proposition 2.3 of [5] ). If the 2-component links L 0 and L 1 are concordant (or even exotically concordant), then the corresponding patterns P 0 and P 1 induce the same satellite operator on C ex , i.e. for any knot K, if the links L 0 and L 1 are smoothly concordant, then the knots P 0 (K) and P 1 (K) are exotically concordant. If L 0 and L 1 are topologically concordant, then P 0 (K) and P 1 (K) are topologically concordant.
In the above formulation, the Hopf link corresponds to the identity function on C ex , and therefore, a 2-component link can be seen to be distinct from the Hopf link in smooth concordance if it induces a non-identity satellite operator on C ex . Similarly, the Hopf link with a knot J tied into the first component corresponds to the connected-sum operator C J (where C J (K) = J#K for all knots K), and therefore, a 2-component link can be seen to be distinct in smooth concordance from all links obtained from the Hopf link by tying a knot into the first component if the induced satellite operator is distinct from that of all connected-sum operators.
This strategy can be considered to be a generalization of the method of distinguishing links by Dehn filling one component of the link or 'blowing down one component', which can be seen to be the same as performing a twisted satellite operation using the unknot as companion (see, for example, [2, 1] , and item (7) of the highly useful list provided in [14, Section 1] ).
For a winding number one pattern P inside ST = S 1 × D 2 the standard unknotted solid torus, we let η(P ) denote the meridian {1} × ∂D 2 , oriented so that lk(P, η(P )) = 1. Then it is easy to see that P is the pattern corresponding to the link (P, η(P )). Moreover, patterns form a monoid (see [10, Section 2.1]), and so we can consider the iterated patterns P i , where
. P 0 is the core of an unknotted standard solid torus and we see that for any pattern P , the link (P 0 , η(P 0 )) is the Hopf link. Consider the link obtained by Whitehead doubling each component of the Whitehead link. By the symmetry of the link, we see that this is the same link as the one obtained by Whitehead doubling one component of the Hopf link three times (see Figs. 2 and 3 ). For the rest of the paper, L ≡ (Q, η) will refer to the link shown in Figure 4 , and Q will denote the corresponding pattern or satellite operator. Acknowledgments. While the authors were already in the initial stages of this project, the idea was independently suggested to the second author by an anonymous referee for [23] .
Proofs
The results of this section comprise Theorem 1.2.
Proposition 2.1. The 2-component link (Q, η(Q)) shown in Fig. 4 is topologically concordant to the Hopf link.
Proof. Let L denote the link (Q, η(Q)). By resolving a single crossing we get the link (a, b, c) shown in Fig. 3 . Thus, there is a cobordism from (Q, η(Q)) to (a, b, c) consisting of an annulus A bounded by η(Q) b and a pair of pants P bounded by Q a c.
Freedman proved that the link depicted in Fig. 3 , sometimes referred to as Wh 3 , is topologically slice in [13] . We label the different components of Figure 5 as a, b, and c as shown. Note that b c is Wh 3 , the link shown in Fig. 3 , and a b is the Hopf link. Let ∆ b , ∆ c ⊆ B 4 be the disjoint slice disks for b and c. By removing a regular neighborhood of a point on ∆ b we see that c and its topological slice disk ∆ c in S 3 × [0, 1] is disjoint from a regular neighborhood of an annulus cobounded by b in S 3 × {0} and an unknot U ⊆ S 3 × {1}. Since a is just a meridian of b, we can find an annulus entirely within this regular neighborhood, cobounded by a ⊂ S 3 × {0} and a meridian of U ⊆ S 3 × {1}. Gluing these to A P gives a concordance between L and the Hopf link.
Remark 2.2. An alternative approach to Proposition 2.1 was suggested to the authors by Jim Davis, namely that if the multivariable Alexander polynomial of L = (Q, η(Q)) is one then L is topologically concordant to the Hopf link by [11] . We performed the computation using tools developed in [9, 4] , which we describe here. Given any link L one can find a indicate that all the strands passing vertically through the box should be given two full negative twists. As a result, the link in Fig. 3 Since det(A) = t 1 t 2 , the Alexander module of L is trivial, and so by [11] Proof. This is essentially the proof that satellite operators are well-defined on concordance classes of knots. Since (Q, η(Q)) is topologically concordant to the Hopf link, we have two disjoint annuli A 1 and Recall that the link (Q 0 , η(Q 0 )) is the Hopf link, and therefore, the first statement above says that the links (Q i , η(Q i )) are distinct from the Hopf link in smooth concordance.
Proof of Proposition 2.4. For the first statement, consider the following proposition.
Proposition 2.5 ([23]).
If P is a winding number one pattern such that P (U ) is unknotted, where U is the unknot, and P has a Legendrian diagram P with tb(P) > 0 and tb(P) + rot(P) ≥ 2, then the iterated patterns P i induce distinct functions on C ex , i.e. there exists a knot K such that P i (K) is not exotically concordant to P j (K), for each pair of distinct i, j ≥ 0.
A Legendrian diagram Q for Q with tb(Q) = 2 and rot(Q) = 0 is shown in Fig. 7 . It is clear that Q(U ) is unknotted. The first statement then follows from Proposition 1.1.
If (Q i , η(Q i )) were concordant to a link obtained from the Hopf link by tying a knot J into the first component, we know from Proposition 1.1 that Q i (K) would be exotically concordant to C J (K) = J#K for all knots K. By letting K = U the unknot, since Q i (U ) is unknotted, we see that J must be exotically concordant to the unknot and as a result, Q i (K) is exotically concordant to K for all knots K. But this contradicts Proposition 2.5 above, since K = Q 0 (K). Figure 6 . A C-complex F = F 1 ∪ F 2 for L = (Q, η(Q)); the four basis curves for H 1 are shown.
The links constructed by Cha-Kim-Ruberman-Strle in [1] are of the form J shown in Fig. 8 . The box containing the letter J indicates that all strands passing through the box should be tied into 0-framed parallels of a knot J. Cha-Kim-Ruberman-Strle showed that J is topologically concordant to the Hopf link for all knots J, and that if J is a knot with τ (J) > 0, J is distinct from the Hopf link in smooth concordance. They also showed that if J(n) = T (2, 2n + 1), the (2, 2n + 1) torus knot, each member of the family { J(n) } is smoothly distinct from the Hopf link (but topologically concordant to the Hopf link). Proof. The Cha-Kim-Ruberman-Strle examples, as 2-component links with unknotted components, yield patterns as shown in Figure 9 . Let L J denote the pattern knot obtained from the link J , and L J (K) denote the satellite knot obtained by applying L J to a knot K. From [24, Theorem 1.2] we see that respectively intersections between L J and the meridian of the solid torus containing it. We see that
since τ (RHT ) = 1. Note that this does not depend on the choice of J.
We will show that τ (Q i (RHT )) > 4 for i ≥ 4. By Proposition 1.1, this will complete the proof. Our main tool will be [22 
Remark 2.7. It is natural to ask whether our method would work for the links obtained by using Wh 1 or Wh 2 instead of Wh 3 , since those have many fewer crossings; these links are shown in Figure 11 . The pattern corresponding to the link obtained by using Wh 1 is called the Mazur pattern, and has been widely studied, e.g. in [6, 5, 23, 20] . In [6] it was shown that the link using Wh 1 is not topologically concordant to the Hopf link. For the link using Wh 2 , we can use a C-complex as in Remark 2.2 to compute the multivariable Alexander polynomial, which turns out to be [19] .
Using our methods, we can prove the following theorem. Theorem 2.8. Any 2-component link (P, η) with linking number one, unknotted components, and Alexander polynomial one, where the corresponding pattern has a Legendrian diagram P with tb(P) > 0 and tb(P) + rot(P) ≥ 2, yields a family of links (P i , η(P i )) that are each topologically concordant to the Hopf link, but are smoothly distinct from one another and the Hopf link.
For most values of i (including i ≥ 4, but possibly more values), the above links will be distinct in smooth concordance from the Cha-Kim-Ruberman-Strle examples, using the proof of Proposition 2.6. Using a more general version of Proposition 2.5 we can weaken our assumption that the first component of the link is unknotted, and instead require it to be slice and the pattern to be strong winding number one (see [23] ).
